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Abstract. Let O be an algebraic closure of J 
of (Qp contained in f2. Given positive integers / and e, the number of exten- 
sions K/F contained in H with residue degree / and ramification index e was 
computed by Krasner. This paper is concerned with the number 3{F, f, e) of 
_F-isomorphism classes of such extensions. We determine 3{F, f, e) completely 
when \ e and get partial results when || e. When s is large, Ci(iQ>p, /, e) is 
equal to the number of isomorphism classes of finite commutative chain rings 
with residue field F^/, ramification index e, and length s. 



1. Introduction 

Fix an algebraic closure of Qp and let F/Qp be a finite extension contained in 
f2. Given positive integers / and e, let £{F, /, e) denote the set of all extensions K/F 
contained in f2 which have residue degree / and ramification index e. Krasner's 
formulas in - allow one to compute the cardinality 01(i^, /, e) of the set 
£{F, f, e). Suppose e — p"^eo with p | eg. Krasner's formulas state that 

m 

(1.1) m{F, /, e) = - p^(^-i)^), 

s=0 

where N — fe[F : Qp] and 

'+p^'^-\ hp"" if s > 0, 

(1.2) eis) = iO ifs = 0, 

-oo if s = —1. 

In this paper we consider a related question: What is the number 3{F, f, e) of 
_F- isomorphism classes of elements in £{F,f,e)7 Unfortunately, the formulas for 
3(F, /, e) seem to be much more complicated than those for ^(F, /, e). 

When p^ \ e, we are able to determine 3{F, /, e) completely; when p^ \\ e, we 
are able to determine J{F, /, e) with some additional assumptions on / and e. It 
is well-known and elementary that 3(-F, /, e) can be computed as a weighted sum 
over the elements of £{F, f, e), 

(1.3) 3(F,/,e)^^ |Aut(i^/F)|. 

fe ^ — ' 

■' Ke£{F.eJ) 

Our method is to use class field theory to determine the groups A\it{K/F) explicitly. 

Besides Krasner's formulas, another motivation for our work is the connections 
between p-adic fields and finite commutative chain rings. A chain ring is a ring 
whose ideals form a chain under inclusion. Finite commutative chain rings have 
applications in finite geometry ([|l^, [^) and combinatorics (0, [||, Q, |p7|). 
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Since finite commutative chain rings are precisely the nontrivial quotients of rings 
of integers of p-adic fields, classifying isomorphism classes of finite extensions of 
Qp is essentially equivalent to classifying isomorphism classes of finite commutative 
chain rings. In particular, in Section |^ we will show that 3(Qp, /, e) is equal to the 
number of isomorphism classes of finite commutative chain rings with residue field 
Fp/, ramification index e, and length s, for all sufficiently large s. 

The paper is organized as follows. Section ^ is a summary of the connections 
between p-adic fields and finite commutative chain rings. Section ^ contains some 
preparatory results about p-adic fields. In particular, we determine the Fp[(7)]- 
module structure of /{K^)p, where is a finite extension of Qp and 7 is 
a Qp-automorphism of K . In Section |^ we consider the problem of computing 
3{F, /, e) when p\ e. Besides calculating /, e), we also collect some facts about 
tamely ramified extensions of F which will be used later in the paper. In Section || 
we determine 3{F, /, e) in the case p \\ e. Sections |6|-|o| are devoted to calculating 
3{F, /, e) in the case || e, with some additional restrictions on / and e. In 
Section g we outline the computational plan and determine the structures of certain 
Galois groups. The key ingredients in the formula for 3{F, /, e) are computed in 
Sections |7|-|[ and the final formula is assembled in Section p^ . 

For K C a finite extension of Qp, we let uk = [K : Qp] be the degree of 
K/Qp. We denote the ring of integers of K by Ok, the maximal ideal of Ok by 
Mk, and the residue field of K hy K — Ok/Mk- Any generator ttk for Mk is 
called a uniformizer for K. We let vk denote the valuation on K normalized so 
that VKiT^x) — 1 for any uniformizer ttk- Then vk extends uniquely to a valuation 
on n which takes values in Q, and is also denoted vk- In particular, we let Vp = 
denote the valuation on which satisfies i'p(p) — 1. Let L be a finite extension of 
K. Then the residue degree [L : K] of L/K is denoted f{L/K), and the ramification 
index VLiT^K) of L/K is denoted e(L/K). Finally, let {Ca : a > 1} be a compatible 
system of primitive roots of unity in il, with a primitive ath root of unity and 
Cab = Ca for every a,b>l. 



2. p-ADic Fields and Finite Commutative Chain Rings 

In addition to the description in terms of p-adic fields given in Section |l|, there 
is another more explicit construction of finite commutative chain rings based on 
Galois rings; we refer the reader to [l^ for more details. Choose a prime p, positive 
integers n, /, and a monic polynomial <I> e (Z/p"Z)[X] of degree / whose image 
in {Z/pZ)[X] is irreducible. The ring GR(p",/) = (Z/p"Z)[X]/($) is called the 
Galois ring of characteristic p" and rank /; it is determined up to isomorphism by 
p, n, and /. Every finite commutative chain ring is isomorphic to a ring of the 
form i?[X]/(*,p"-iX*), where R = GR(p",/) is a Galois ring, * G R[X] is an 
Eisenstein polynomial of degree e, and 



(2.1) 



t = e if 71 = 1, 

1 < t < e if n > 2. 



The integers p,n,f,e,t are called the invariants of the finite commutative chain 
ring §. 

The following proposition summarizes the connections between finite commuta- 
tive chain rings and p-adic fields. 
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Proposition 2.1. Let K/Qp be a finite extension, with residue degree f and ram- 
ification index e, and let k/Qp be the maximal unramified suhextension of K/Qp. 
Let s, t, n be positive integers such that s — (n — l)e + 1, with 1 < t < e, and let ^> 
denote the image of £ Ok[X] in (Ok/p"'Ok)[X]. Then we have the following. 

(i) Let a G Ok be such that k = (Z/pZ)[a], where a is the image of a in k, and 
let $ e be the minimal polynomial of a over Qp. Then the image $ of ^ in 
(Z/p"Z)[X] is monic of degree f and the image ^ of ^ in (Z/pZ)[X] is irreducible. 
Therefore 

(2.2) Ok/p'^Ok - (Z/p"Z)[X]/($) - GR(p", /). 

(ii) The minimal polynomial of ttk over k is an Eisenstein polynomial ^' G Ok [X] 
of degree e such that 

(2.3) Ok/tt^kOk = iOk/p^Ok)[X]/{^,p--'X') = GR(p", /)[X]/(^,p"-iX*), 

where ^' G {Ok/p"Ok)[X] = GR(p", .f )[X] is an Eisenstein polynomial over GK{p" , /). 
Thus Ok /t^kOk is a finite commutative chain ring with invariants 

UpA,.f,t,t) ifn = l, 
\{p,nj,e,t) ifn>l. 

Moreover, every finite commutative chain ring is isomorphic to Ok/t^k^k for 
some finite extension K/Qp and some s > I. 

(Hi) Let L/Qp be another finite extension and let s > (^jzj + t'p(e))e. Then 
Ok/t^kOk = Ol/ttIOl if and only if K = L. 

Proof, (i) and (ii) are well-known. 

(iii) We want to prove that if Ok/t^k^k = Ol/^IOl with s > + Vp{e))e 
then K = L. Note that s > + Vp{e))e implies n > 1. Thus the residue degree 
and ramification index of L/Qp are determined by Ol/t^IOl — Ok/t^kOk, and so 
L/Qp also has residue degree / and ramification index e. We may assume that K 
and L are both contained in the algebraic closure of Qp. Then K/Qp and L/Qp 
have the same maximal unramified subextension k/Qp, and K/k and L/k are both 
totally ramified extensions of degree e. We may assume that e > 1. Let ^I^ G ©^[X] 
be the minimal polynomial of tt^ over k. The assumption Ok/t^kOk — Ol/t^IOl 
implies that 

(2.5) (Ofe/p"Ofe)[X]/(^,p"-iX*-i) - Ol/t^IOl- 

By Lemma XVIL8 in McDonald [|l8) there exists cr G knt{Ok/p''Ok) such that 
has a root (3 G Ol/t^IOl- Let 6 G Ol be a lifting of /3. Since cr^ G {O k / p" O k){X\ 
is an Eisenstein polynomial of degree e < s, it follows that vi^(\)) = 1. Since 
k/Qp is unramified, the natural homomorphism Gal(/c/Qp) — ^ Aut(C'fe/p"C'j,) is an 
isomorphism. Let S be the element of Gal(/c/Qp) whose image in Aut(C'fe/p"C'fe) is 
0-. Then cr* = so the image of (S4')(6) in Ol/t^IOl is (S$)(/3) = {(t^){P) = 
0. Therefore i^l((5]*)(6)) > s. 

Let ri,r2,...,re G 17 be the roots of S*; then (S*)(X) = Wl^iiX - r^). 
We may order the n so that m = i'p{b — ri) is as large as possible. Then for 
2 < i < e we have i'p{b — ri) > min{TO, i'p(ri — ri)}. If m > iyp{ri — ri) then 
i'p{b~ri) = i'p{ri —ri), while if m < i'p{ri — ri) then by the maximality of m we get 
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Vpib^ri) < h'p{ri —Ti). It follows that for 2 <% < e we have Vp(h — ri) < Vpiri —Ti). 
Since (S\E')(6) = (6 - ri){b - ... (6 - Tg), this implies 

e 

(2.6) - < j/p((S1')(6)) < m + ^ Vp{ri - r,) = m + i^p(4(ri)/fc), 

where ^fe(ri)/fc = (S5')'(ri) is the different of the extension k{ri)/k. By Re- 
mark 1 on p. 58 of jl^ we have Vp{5x/k) < 1 — + Vp{e). Since we are as- 
suming s > (^jzj + ^'^(g))^, this implies m > ^jry- Using Lemma ^.2| below we get 
^;irr ^ ^pi^i — fi) and hence m > i/p(ri — r^) for all 2 < i < e. It follows by Kras- 
ner's lemma (see p. 224) that k{b) D fc(ri). Since [k{b) : k] = [fc(ri) : k] = e, 
we get L = k{b) = k{ri) ^ K . □ 

Lemma 2.2. Lef k be a finite extension of Qp, Zei ^' G &e htt. Eisenstein 

polynomial of degree e, and let ri,r2,...,re he the roots of Then for every 
2 < i < n we have Vp{ri — r,;) < 

Proof. Let E' = fc(ri). The lemma may be rephrased as a statement about the 
higher ramification theory of the extension i?/fc, which need not be Galois; for the 
ramification theory of non-Galois extensions, see for instance III §3 of or the 
appendix to In fact the integers VEii"! — ri) are the lower ramification breaks 
for the extension E/k. The lemma is equivalent to the statement that these breaks 
are bounded above by ■ VEip)- Our method is to reduce to the case of a Galois 
extension, where the lemma is well-known (see for instance Exercise 3(c) on p. 72 
of 0). 

Let F C be the splitting field of*, and set G = Gal(F/k), H = Ga\{F/E). Let 
D = F^^ be the fixed field of the wild ramification subgroup of G, let ei be the ram- 
ification index of D/k, and let 62 be the ramification index of ED/ E. Then p \ ei, 
and hence p f £2 . It follows that the Hasse-Herbrand functions for the extensions 
D/k and ED/E are given by 4>D/k{x) = x/ei and 4>ed/e{x) = x/e2 for a; > 0. Us- 
ing the composition rule for towers of extensions we get (f>E/k{x) — '^4'ed/d{s2x)- 
Since the largest lower ramification break oi E/k is infja; : (t>'E/ki^) ^ V^Ij it 
suffices to prove the lemma for the extension ED/ D. Since Gi = Gal(i^/Z?) is a p- 
group, there is a refinement Gi = G^"^ > G^^^ > G^^^ > . . . > G^""^' > G^"^ = {1} 
of the ramification filtration of Gi such that Gi t> G^f' and \Gf' /G''1^^\ — p for all 
< i < n — 1. Let j be the largest integer such that G^ is not contained in _ff , and 
let D' be the subfield of F fixed by g'^^ [H n Gi). Then the largest lower ramifica- 
tion break of ED/D is the same as the largest lower ramification break of ED/D'. 
Since \G[^\h n Gi)/(iJ n Gi)| = p, we have iJ n Gi < G[^\h n Gi). Therefore 
the extension ED/D' is Galois. It follows that the lemma holds for ED/D', and 
hence also for E/k. □ 

Let £(p, n, /, e, t) be the number of isomorphism classes of finite commutative 



chain rings with invariants {p,n, f, e,t). Then Proposition 2.1(iii) implies that 



(2.7) €{p, n, /, e, t) - J(Qp, /, e) when {n - l)e + t > (-^ + z.p(e)) e. 

When p \ e, the number ^(j>, n, /, e, t) was first determined by Clark and Liang 
A different formula for this quantity was given in |^ . 
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Theorem 2.3. ( Clark and Liang |^ and Hou ^) Let p he a prime and let n, /, e, t 

he positive integers such that n>2, 1 <t < e, and p \ e. Then 

(2.8) €{p^n,f,e,t)^ = ) E (P*^''^ " 1' ^) ' 

where (j) is the Euler function, {a,b) is the greatest common divisor of a and b, and 
t(c) is the smallest positive integer m such that p"^ = 1 (mod c). 



From Proposition 2.1 (iii) and Theorem |2.3| it follows that when p] e, 



(2.9) 3iQ,J,e)^ Y: 7M-)E(p^^'''-1'^)- 

In Section ^, we derive a third formula for U(Qp,/, e) in the case p \ e. In the 
other direction, our formulas for ^{F, /, e) a llow us to com pute £(p, n, /, e, t) in the 



following two cases (cf. (2/7), Theorem p.6[ and Theorem 10.1 ) 

(i) p|| eandn>3 + ^-|; 

(ii) p > 2, p2 II n > 4 + ^ - i, and {pf - 1, e) = 1. 

3. Preparatory Results about p-adic Fields 

Proposition 3.1. Let F C /v be finite extensions of Qp such that K/F is totally 
ramified of degree p^s, with p \ s. Then for each positive integer d \ s, there is a 
unique field Kd such that F C Kd C K and [Kd : F] — d. Furthermore, for di \ s 
and d2 \ s, we have K^^ C if and only if di \ c?2- 

Proof Let L/F be the Galois closure of K/F, and set G = Gal{L/F) and H = 
Gal{L/K). Let Go be the inertia subgroup and Gi the wild inertia subgroup of G 
(so Gi is the unique Sylow p-subgroup of Go). Then Go/Gi is a cyclic group whose 
order is prime to p and divisible by s. Since \G/H\ = p^s factors as the product of 
\GiH/H\ = |Gi/(Ginif)l, which is a power ofp, and \G/GiH\ = \Go/{GonGiH)\, 
which is prime to p, we have |Go/(Go n GiH)\ = s. Let iV = Go n GiH. Then 
N is the unique subgroup of Go of index s which contains Gi, so < G. Since 
K/F is a totally ramified extension we have GoH = G. Therefore GiH/N maps 
isomorphically onto G/Gq, and hence G/N is a semidirect product of GiH/N = 
G/Gq acting on Gq/N. This implies that for each d \ s there is a unique subgroup 
5d < G of index d such that Sd > GiH . The fixed field of Sd acting on L is Kd- □ 

Proposition 3.2. Let F he a finite extension of Qp and set f{F/Qp) = fa. Let 
e = p^s with p \ s, and let K G £{F, /, e). 

(i) There is a unique field L^ such that F C L^ C K and K/L^ is totally 
ramified of degree . 

(ii) Lf — l,s) = 1, there is a unique field Ek such that F C Ek C K 
and Ek/F is totally ramified of degree s. Moreover, we have Ek C Lk and 
Aut{K/F) = kvii{K/EK). 



Proof, (i) This is a special case of Proposition 3.1. 

(ii) Let k/F be the maximal unramified subextension of K/F. Since p \ s, 
there are uniformizers t^Lk and -Kp for F such that t^l^/t^f G (see 

II, Prop. 3.5 in [|j). Since [{p^°^ — 1) • p, s) — 1, we have 7r£^/7r_F — f}'^ for some 
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P e . Then {ttlk/PY — '^f, and hence Ek — F(7ri^//3) is a totally ramified 
extension of F of degree s which is contained in Lk- To prove the uniqueness of 
Ek, assume that we have F C E C K with E/F totally ramified of degree s. Then 
there is a uniformizer tte for E such that tt^^/ttf G . As above we get S € 
with = TT%/TrF and (tte/S)^ = np = {ttl^^/ PY . Thus -ke/S — ^ttl^//? for some 
C € -Z^if with = 1- Since (^{p^"^ — 1) • p, s) = 1 we must have ( = 1, and hence 
E = kinE/S) = kin/l3)^EK. 

To prove the last statement, we note that for any cr G Aut{K/F) we have 
(t{Ek) = Ek by the uniqueness of Ek- Thus crls^ G AvX^Ek / F). We have 
already seen that Ek — F{ttek) for some tte^ G ^-R" such that 7r|, is a uniformizer 
for F . Since F does not contain any nontrivial sth root of unity, it follows that 
Aut{EK/F) = {id}. Thus cr e Ant{K/EK). □ 

Let K/Qp be a finite extension with f{K/Qp) — f, e{K/Qp) ~ e, and let 7 G 
Aut(K/Qp). Let denote the subfield of if fixed by (7) and put 6(7) ^ e{K/K^) 
and /(7) — f{K/K~*). The elementary abelian p-group Vk = /{K^Y can be 
viewed as a module over the group ring Fp[(7)], where Fp = 'Lj'pL. Our approach 
in Section [s] depends on knowing the Fp[(7)]-module structure of Vk in the case 
p I e(7). The rest of this section is devoted to the determination of this Fp[(7)]- 
module structure. The first step is to factor if ^ as 

(3.1) = (ttk) X (Cp/_i) X Ui, 
where Ui — 1 + ttkOk- We have then 

(3.2) Vk = ((^/f)/«)) X (C/i/C/f). 

Let F/ be the maximal unramified subextension of K/ K~*] then F is the fixed 
field of (7-^('^)), and K/F is a totally ramified cyclic extension of degree 6(7). Since 
p \ 6(7), the field F contains an e(7)th root of unity, and there is a uniformizer 
ttk for K such that tt^^''''' e F. In fact we have tt^''''' = TyTr for some 77 g 0]^ and 
TT G if'. Since / [O^Y'"'^'' generated by roots of unity, we may assume that -q 
is a root of unity, of order prime to p. It follows that 7(7r^"''^) = 'n'^~^ ''^^k'\ where q 
is the cardinality of the residue field of if'. Since rj'^~^ G {K'^Y i this implies that 
7 acts trivially on the image of 7r|^'''-* in Vk, and hence also on the image of -k k in 
Vk- Since J7i is clearly stabilized by 7, this implies that the factors in ( |3.2| ) are 
Fp[(7)]-submodules of Vr- . Thus it remains only to determine the Fp[(7)]-module 
structure of Ui/Uf- 

Proposition 3.3. (i) If Cp ^ ^7 there is an isomorphism of 1ip[{'y)]-modules 

(3.3) C/i =Zp[(7)]"-/°(^). 
Hence there is an isomorphism of¥p[{'y)]-modules 

(3.4) ;7i/t/f-Fp[(7)]"-/°(^). 

(ii) If Cp G ^ and p \ 6(7), f/iere is an isomorphism of ¥ p[{'^)]-modules 

(3.5) f/i/f/f-(Cp)xFp[(7)]"-/°(^). 

Proof of Proposition \3.^ (i). We use Theorem 4(b) in Weiss This theorem 

implies that as long as Ui contains no roots of unity, the Zp[(7)]-isomorphism 
class of Ui is determined by its Zp-rank. Since (7) is cyclic, this means that we can 
replace the extension KjK'' with an extension K' /k' such that K' jk' and k' /'Q^p are 
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unramified, Uk' = uk-i, and Ga.\{K' / k') = Ga,l{K / K~^) = (7). The logarithm gives 
an isomorphism between the Zp[Gal(-fr'//c')]-modules [/{ = 1 + pOk' and pOx'- 
Since K' /k' is unramified, pOk' is free over ljp[G&\{K' /k')] of rank nKi/o{')). It 
follows that U[ is free over 'Lp[G&\{K' /k')] of rank uk' /o{'y), and hence that Ui is 
free over Zp[(7)] of rank nK/o{'y). □ 

The Zp[ (7)] -module structure oiUi cannot be described as simply when Ui con- 
tains roots of unity. In fact, when p \ 6(7) it follows from another theorem of 
Gruenberg and Weiss (Theorem 6.1(a) of [Q) that Ui is cohomologically trivial as 
a Zp[(7)]-module. Since the Zp-torsion subgroup (Cp^) of Ui is not in general co- 
homologically trivial, (Cpa ) need not be a direct Zp[(7)]-summand of Ui. Therefore 
to prove Proposition |3.3|(ii), we work directly with Ui/Uf. 



Proof of Proposition \3.3l (ii). The group Ui has a filtration Ui D U2 D . . . , where 
Ui = 1 + tt\^Ok- This induces a filtration on Ui/U^ whose ith filtrant is Ui = 
UiUf/U^. Put r = pe/{p — 1). Since we are assuming £ K, we have (p — 1) | e 
and hence r G Z. Define 

(3.6) I ^ {i eZ : 1 <i <r a.ndp\i}. 

Our strategy is to first determine the Fp[(7)]-module structure of the quotients 
Ui/Ui+i for i G I, and then use this information to reconstruct Ui/Uf. There are 
isomorphisms of Fp[(7)]-modules 

UjU,+i - U,Uf/U,+iUf 

^ ■ ' -u,/{u,n{u^+iUf)). 



For i G / we have Ui D (C/i+iC/f) = Ui+i, while ii i ^ I and i ^ r we have 
Ui+iUi D Ui. Therefore if i G / we have 

(3.8) UjU,+i = U,/U,+i = tt^kOk/tt'i^^Ok, 

while if i ^ / and i ^ r we have Ui/Ui+i — {!}. Finally, we have \Ur/Ur+i\ — p 
since \Ui/U{\ = |/| = e, and Ur+i C f/f. 

Lemma 3.4. Let z > and let 7 denote the automorphism of tt^^Ok /''^k^^Ok 
induced by 7. Then 7'^, 7^, . . . ^■j^^'"')^^ are linearly independent over K. 

Proof. If not then there is a monic polynomial 

(3.9) P{X) = X" + Orn-iX""'^ + --- + aiX + ao 

of degree m < f{j) in K[X] such that P{j) — 0. We assume that m is as small 
as possible; then ag 7^ 0, since 7 is invertible. Since 1 < m < /(7), there exists 
a e K such that 7"(a) 7^ a. Since P(7) • w = for all G Tri^OA'/Trj^^Cif, we 
have P(7) ■ ati = for all v as well. This implies that 

(3.10) Q{X) = 7'"(a)X" -f a„_i7'"-i(a)X"-i + ■ • • + ai7(a)X + aoa 

satisfies g(7) = 0. Therefore R{X) = Q{X) - -f"^{a)P{X) G K[X] is a polynomial 
of degree < m with nonzero constant term such that i?(7) ~ 0. This violates the 
minimality of to, and therefore proves the lemma. □ 

It follows from Lemma 3.4 that 7'', 7^, . . . , 'y'^^"''-' are linearly independent 
over K~' , and hence that the degree of the minimal polynomial of 7 over K'' is 
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> /(7). Since tt^j^Ok /t^]^ Ok has dimension /(7) over , this imphes that 
tt^Ok/t^k'^Ok is a cychc A"''[(7)]-module generated by some Vi, i.e., 

(3.11) n},OK/n'i^'OK^K''[h)]-v,. 

Since •y-f^'*^ generates the inertia group of the tamely ramified extension K/K'* , the 
image ^ of ')^'''^\ttk) /t^k in X is a primitive e(7)th root of unity. On the other 
hand, class field theory gives an onto homomorphism p : {K'')^ (7) such that 
the inertia subgroup 

(^/(7)) of (7) is the image of the unit group of K'^. Hence 
(K'^)^ contains an element of order 6(7). Therefore K"* contains a primitive e(7)th 
root of unity, so we have ^ G K"^ . In particular, K~* ■ is a ;^-)'[(7,/(7))]_submodule 
of7r},OK/7T'+'OK. 

Let 7fj^ denote the image of ir}^ in Trj^O/f /Trj+^O/f . Then J^''''Htt}^) = C^k- 
Since (^■yf^f')) acts trivially on A"'', it follows that there is a X-)'[(7/(-i'))]-module 
isomorphism 

e(7)-l 

(3.12) i^^[(7^(^))] = K-f-v,. 

i=0 



Therefore K"* • is a projective iir'''[(7-''("''))]-module. Using ( 3.11 ) we get 

(3.13) nkOK/7r'+'OK - A'^[(7)] ®i?^[(y(^)>] ' v,. 

It follows that ttjA^k/t^^k^Ok is projective over ^"''[(7)], and hence also over 



I^p[(7)]- Using ( |3.8| ) we get an Fp[(7)]-module isomorphism 



(3.14) Ui/Uf - (^nkO/7:'+'OK)®U, 



iei 

Write e = dp* with p \ d; then 6(7) | d and {p — 1) \ d. Partition / into / n [0], 
/ n [1] , . . . , / n [d — 1] , where [i] is the congruence class of i modulo d. Then each 
subset / n [i] contains either |, ^ — 1, or| + l elements. However, using the fact 
that (p — 1) I d, one can show that |/ n [i] | = | ± 1 if and only if |/ n [pi] | = | =F 1. If 
i = j (mod d) then there is an Fp[(7'^("''^)]-module isomorphism K"* ■ Vi = K'* ■ Vj. 
On the other hand, if Vpi is chosen suitably, x 1-^ gives an Fp[(7-''("''^)]-module 
isomorphism between K'^ -Vi and K"* -Vpi. Therefore we have an Fp[(7-'''^"'''}]-module 
isomorphism 



(3.15) 

Using ( |3.12| ) we get 
(3.16) 



e/d 



Ce(-r)-l \ e/e{-Y) 

K--vA 
i=Q I 

= Fp[(7-'''''''')]"'^/°''''^. 
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Therefore by ( |3.13| ) and (3.16) there are Fp[(7)]-module isomorphisms 



iei iei 



iei 

(3-17) 

= lFp[(7)] ®F,[(^m))] 0^^ 

= Fp[(7)] ®F,[<-,/(.))] Fp[(7-^(^))]"-/°W 
?^Fp[(7)]"^/°(^'. 

To complete the proof of Proposition |3.3| (ii), we need only determine the ^^[(7)]- 
module structure of Ur- 

Lemma 3.5. There is an ¥p[{'y)]-module isomorphism Ur = (Cp)- 
Proof. Define a group homomorphism : Ur ^ ¥p hy setting 

(3.18) ^Pil+piCp-l)x) = TTji/^^{x), 

where x G Ok and x is the image of a; in A". We claim that ip{Urr\ (Ur+iUf)) = 0. 
liy^UrH (Ur+iUf), then y ee (1 + (Cp - 1)x)p (mod 7r^+^) for some z £ Ok- We 
have 

(3.19) (1 + (Cp - l)zr ^ 1 +P(Cp ~ ' zA (mod^^+i). 



Since (Cp — I)'' ^ = — p (mod pttk), we have 



(3.20) TiK/F, + = Tr^/F,(^ " ^'') = 0, 

so ipiy) — 0. Since ip is nontrivial, it follows that induces a group isomorphism 
between Ur = Ur/{Ur n {Ur+iUf)) and Fp. Suppose that 7(Cp) = C"- Then 

7(l+p(Cp-l)^) = l+p(Cp"-l)7(^) 

(3.21) = 1 +p(Cp - i)(i + • • • + cr'hi^) 

= 1 + piCp - l)mj(z) (mod^^+i). 



Since Tr^/p^ (7717(2)) = mTri^^f^{z), we see that 7 acts on Ur = Fp by raising to 
the power m. Therefore the Fp[(7)]-moduIes Ur and (Cp) are isomorphic. □ 

Using ( ^.14 ), ( 3.17 ), and Lemma we get an Fp[(7)]-module isomorphism 

(3.22) C/i/f/f-(Cp)xFp[(7)]"-/°(^), 

and the proof of Proposition |3.3|(ii) is complete. □ 



Corollary 3.6. (i) If Cp ^ -^7 there is an isomorphism of¥p[{'y)]-modules 

(3.23) K^'/iK'^Y 9^ Fp X Fp[(7)]"^'/°(^). 

(ii) If Cp G K and p \ 6(7), there is an isomorphism of V p[{'))]-modules 

(3.24) XV(if x)f = Fp X (Cp) X Fp[(7)]"-/°(^). 
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4. The Case p\ e 

In this section we determine J{F, /, e) in the cases where p f e. Thus we are 
restricting our attention to tamely ramified extensions of the p-adic field F, which 
are in general well-understood. Therefore we only give outlines for the arguments 
in this section, most of which are not new. Besides calculating 3{F, f, e), we also 
collect some facts about tamely ramified extensions of F which will be useful in the 
next section. 

We start by listing the elements of £{F, f, e). Let q denote the cardinality of the 
residue field of F and set g = {q^ — l)e. Let Tip be a uniformizer of F, let tte eQ, 
be an eth root oiiTp, and define E = tt^). The extension E/F is Galois, with 

(4.1) Gal(£;/i^) = {cr,T : a" = t'^^ = 1, tctt-^ = o-'), 
where df = [F{Cg) : F]. The actions of a and t on E are given by 

(4.2) O-iTTE) = CeTTB, (T(Cg) = (g, tItTe) = TTfi , r(Cg) = Q- 

For < h < e, we define = F(Q/_i, tt/j), where iTh = CqT^e', equivalently, Kh is 
the subfield of E fixed by {ct^^^t^). Then we have 

(4.3) £{F,f,e)^{Kh-A)<h<e}. 

We now describe the F-automorphisms of Kh- The inertia subgroup Aut(X/i/F(C^/ 
of A\\i{Kh/ F) is a cyclic group of order b — {e,qf — 1) generated by an element 
fi such that fJ-iCqf-i) — Cqf-i ^-nd /i(7r/j) = Cb'^'/i- We need to determine which 
elements of Ga\{F{Qf _i)/F) can be extended to automorphisms of Kh- Let p be 
the Frobenius automorphism of -F(Cg/-i)/^- For c > we attempt to extend p'^ to 

an element Vc of Ant{Kh/F). Since nf^ — — TTp £ F, we have Uc{TTh) = ^T^h 
for some e S Kh such that = 1. But since p\ g, we must have e — Cg/_i for some 
a; G Z. Therefore 

(4.4) gt\7:E = {Q^.^hY = M^hT = v^i^l) = i^c(C/_i7rF) = C^/l^^F, 
which implies that 

(4.5) ex=((f -\)h (mod g-'^ - 1). 

Conversely, if x satisfies ( |4.5| ), then p'^ can be extended to G AvXiJihl F) such 
that z^c(7r;i) = Cq/^i'i'h- 
The congruence ( p7^ ) can be solved for x if and only if 6 = (e, — 1) divides 
((f — l)h. Let Ch be the smallest positive integer c satisfying this condition. Then 
c/i is the order of q in (Z/-^j^Z) ^ . Let u G Z satisfy eu ~b (mod g-^ — 1) and set 

TOft = ■5(9'^'' ~ ^)hu- Then x — nih is a solution to (4.5) with c = c^. 

The elements in Gal{F{C,qf ^i) / F) which can be extended to automorphisms of 
Kh/F are {p"'^)' for < i < f/ch- Let u G Aut(Xft/F) be the extension of p^" 
defined by v{TTh) = C^/'li^h- Then 1/ generates the group 

(4.6) Ant{Kh/F)/GBl{F{Cgf_i)/F) = Aut{Kh/F)/(p) 

and satisfies v^^'^'^ g (/x). The actions of fi and on Kh = i^(Cg/-i, tt/i) are given 

by 

(4.7) m(C,/^i) - C5/-I, M(^ft) = CbTTft, '^(CgZ-l) = C'7_i, = C,T„i7r/.- 
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Using ( [l.7| ) we find that = /x"'* and ufiu^ ~ ii''"'' . Therefore 

(4.8) Aut(i^„/^) = {^l,v■.^Ji^ = 1, uf'-'^ = v^lu^ = /x-?^" ). 



In particular, |Aut(i^ft,/i^)| — hf /ch- Combining this fact with (L3), we get the 
foUowing proposition. 

Proposition 4.1. Assume that p \ e. Then 

(4.9) j(F,/,e) = -2-, 

where h — {e,qf — 1), q is the cardinality of the residue field of F, and is the 
smallest positive integer such that b divides (q"^'' — l)h. 

Remark 4.2. The method of CoroUary 4.3 in gives the alternative formula 

(4.10) J(F,/,e) = -^(g(^'/)-l,e). 

■' i=0 

On the other hand, Proposition |4.l| with F ~ Qp gives a third formula (in addition 
to those in Theorem ^.Sj ) for £(p, n, /, e, t) when p \ e and n > 2, 

b '^^^ 1 

(4.11) ^(^p^nJ,e,t)^-J2-- 

Remark 4.3. For future use we note that fi is the restriction to Kh of cr'^/'' and 
u is the restriction to K^. of cr"'" r^'' , where 

(4.12) = em, + hil^q^'^) _ 

qj — 1 



For each 7 e Aut{K,jF), let denote the subfield of /f,, fixed by (7). By (g 
we can write 7 uniquely in the form 7 — /xV-' with < i < 6 and < j < //c/; 
The smallest power of 7 which lies in the inertia subgroup (/x) of A\it{Kfi/ F) is 



(4.13) 7(iv^ = {fj,'i^i)Tf^ ^ 
where ^(7) is computed using ( ^ ) to be 

(4.14) *(7) = — z i' 



q"'^^ - 1 (/, Chj) ■ 

This implies that the extension Kh/K"^ has residue degree /(7) = f/{f,Chj) and 
ramification index 6(7) = b/ {b,t{j)). The order 0(7) = [Kh : K"^] of 7 is given by 
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5. The Case p \\ e 

In this section, we assume e — peo with p \ cq. We use the notation of Section [ 
with eg in place of e. In particular, 

q = the cardinality of the residue class field of F, 

9 = {q-'^ - l)eo, 
&= (ecgZ-l), 
c/i — the smallest positive integer such that b \ [q'^'^ — l)h, 
u G Z satisfies bqu = b (mod q-^ — 1), 
(q<"^ - l)h 



(5.1) 



nih 

Vh 



b 

epmh + h{l - g'^" ) 
qf -1 



Let L e £{F, /, e). Then by Proposition 3.1 , there is a unique K G £(F, /, eg) which 
is contained in L. It follows from (|1.3|) and (4.3) that 



:J(^,/,e) = -^ E E |Aut(£/^)| 

Ke£(F,/,eo) Le£(Ar.i,p) 

(5-2) eo-l 

= 7-E E |Ant(i/F)|. 

h=0 Le£{Kh,l;P) 

For the time being, we fix K — Kfi and concentrate on evaluating the inner sum of 

(O)- 

Let L e £{K, l,p). Then since K & £{F, /, cq) is uniquely determined by L, re- 
striction induces a homomorphism Aut(L/F) — > Aut(if/F). Let if^ C Aut{K/F) 
be the image of this homomorphism. Then Aut(L/F) is an extension of Hl by 
AvLt{L/K). Thus if L/K is not Galois then Aut(ii:/i^) ^ Hl, while if L/fiT is 
Galois then Aut(i4r/F) is an extension of Hl by a cyclic group of order p. For each 
7 e Aut(if/F), let 

(5.3) 51(7) = {L e £{K, l,p) : 7 e iJi and L/fsT is Galois}, 

(5.4) 5-2(7) ^{Le 8{K, l,p):j eHl and L/K is not Galois}, 

and define 771^(7) = 152(7)1. Then by counting the elements in the set 

(5.5) {{L, 5):Le £{K, l,p), S e Aut{L/F)} 
in two different ways we find that 

(5.6) E |Aut(L/F)|= E (p-"^i(7) + m2(7)). 

L££{K,l,p) ■yeAut{K/F) 
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Lemma 5.1. Let 7 e Aut{K/F), let he the subfield of K/F fixed by (7), and 
let d{j) = (0(7), p - 1). Then 



(5.7) mi(7) 



(d(7) - 1) 



- 1 



p-1 



+ 



P 



- 1 



(d(7)~2)^ 



- 1 



(d(7) - 1)^ 



p-1 
.^^FT - 1 



2- 



p-1 



- 1 



p-1 



) o(-,) 



+2 



- 1 



p-1 



- 1 



^fCp^K, 



1 ifCpeK\K^, 



ifCp^K^. 



Proof. By class field theory, cyclic extensions L/K oi degree p such that 7 G Hl 
correspond to (7}-invariant subgroups of Vk = / {K'^ Y of index p. The unram- 
ified degree-p extension of K is excluded from 6*1(7), so 7711(7) is one less than 
the number of (7)-invariant subgroups of Vk of index p. 

For each of the (i(7) homomorphisms tp : (7) , the largest quotient on 

which (7) acts through tj} is Vk{^) = ^if/(7 — i^{l))VK- On the other hand, if H 
is a (7)-invariant subgroup of Vk of index p then (7) acts on Vk/H through some 
homomorphism -0 : (7) ^ . Thus H > {j — ^lJ{■y))VK and i?/(7 — i^{'j))VK is a 
subgroup of Vk{iP) of index p. In fact, H ^ H/{'J — 7A(7))Vr- gives a one-to-one 
correspondence between the set of (7)-invariant subgroups of Vk of index p and 
the set 

(5.8) U 

ifCp 



{C/cVk(7A):[FK(V^):C/]=ri. 



it follows from Corollary 3.6(1) that there is an isomorphism of IF'p[(7)]- 

Ti p eg / 

modules Fp x Fp[(7)] . Thus dimp^ VK{i') = -^npeof for ■0^1, and 

dim^p Vk{1) — -^^^npe^f + 1. The formula for 7711(7) in the case C,p ^ K follows 
from this. 

Now assume Cp e K- By Corollary ^(ii) we have Vk ^ Fp x (Cp> x]Fp[(7)]^^. 
If Cp ^ K"^ then 7(Cp) = foi' some 777 ^ 1 (mod p). Therefore dimp^ Vk(V') = 
■^npeof when 7/1(7) {l,7n}, and dimp^ Vk{iIj) = -^npeof + 1 when 7/1(7) e 
{1,777}. In the case where Cp G ^""^ we have dim^^ ¥^("0) = ^^^^^fCq/ when 
7/(7) 7^ 1 and diniFp Vk{iP) = ^^'^'^Feo/ + 2 when 1/(7) — 1. The remaining 



formulas for 7771(7) follow from these observations. 



□ 



Lemma 5.2. We have 



(5.9) 7772(7) = < 



+ 2 



ip' 



- p)p "(t) 



■'F''0/ 



p"^ +p-pd{'j) 



P 



1 



tfCpeK. 



p-1 

Proof. Suppose L G 5*2(7). Since Aut(L/F) ^ Hl, there is a unique 7 e Aut(_L/F) 
which extends 7. Let be the subfield of L fixed by (7). Then /K~* is a 
ramified extension of degree p such that L^K — L. Conversely, let M/K'^ be a 
ramified extension of degree p such that the compositum M K is not Galois over 
K. Then M and if are linearly disjoint over K'' and so 7 G Ga\.{K / K"^) can be 
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uniquely extended to an element 7 G A\\t{M K / M) . Therefore MK e 5*2 (7)- Thus 
M ^ MK gives a bijection between the set {M e E{K~' , l,p) : MK/K not Galois} 
and 5*2(7). Let 

(5.10) y{-i) = {M e £{K'^, l,p) : M/K~' is Galois} 

(5.11) Z(7) = {M e £{K'', l,p) : M/K'^ is not Galois but MK/K is Galois}. 
Then we have 



(5.12) 



m2h)^\8{K\l,p)\~\y[-f)\-\Z{-f)\. 



By Krasner's formula (1.1) we have 

(5.13) \E{K\l,p)\ 
and by class field theory we have 



(5.14) 



13^(7)1 



P 



- 1 



p-1 



1 ifCp^^^^, 



p 



o(-y) +^ - I 



-1 ifCpeK''. 



p-i 

It remains to determine \Z{'j)\. Let M e Z{-y). Then 7 G Gal(ivr/ifT) lifts 
to 7 G Gal(MK/M), so MK/K^ is Galois and GaliMK/Kf) is the semidirect 
product of Gal(Mi^/M) = (7) acting on Gal{MK/K) = Z/pZ. This action is 
nontrivial since M/K'' is not Galois. On the other hand, suppose that L/K is a 
cyclic extension of degree p such that L/K~^ is Galois and Ga\.{L / K"^) is nonabelian. 
Then 7 can be lifted to an automorphism 7 of L, which must satisfy 0(7) = 
0(7), since otherwise Ga\-{L/K'^) = (7) is abelian. Therefore Gal(L/i^''') is a 
semidirect product of (7) acting nontrivially on Gdl{L/K). For such an L, the 
group G8\{L / K^) contains p different subgroups which map isomorphically onto 
Gsi\{K / K"*), so there are p elements M G Zi^) such that MK = L. Therefore we 
have 12(7)1 = p\W{j)\, where 

(5.15) W{j) = {L : K d L C n, [L : K] = p, L/K'' is Galois and nonabelian}. 

By class field theory, elements in yV(7) correspond to subgroups H < Vk of index p 
such that H is invariant under the action of (7) and such that (7} acts nontrivially 
on Vk / H . The number of such subgroups H is equal to the number of 1-dimensional 
subspaces of Vk with nontrivial action by (7) . Using Corollary |3.6[ , we find that 

(5.16) 



(d(7) - 1) 



P 



•>{-<) 



1 



|W(7)| = <^ 



p-1 



(d(7)-2)^ 



•>{-<) 



1 , P~ 



(5.17) 



p — \ P ^ 1 

|) now follows from ( 5.12| )-(5.16). 

r| that 

[p^ 



if Cp^K or CpeK-/, 



ifCpeK but Cp i Kf. 



Equation (f 



It follows from Lemmas 5.1 and 



□ 



p ■ mi(7) + 7712(7) 



-p)p' 



F''0f 



-p2 ifCp^K^, 

if Cp e K^. 
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In order to write down explicit formulas for X]Le£(x i p) l^^t(L/_F)|, we change 
notation slightly: We restore the subscript h to K, and instead of 0(7), ^(7), K~', 
we write o(h,i,j), t(h,i,j), K^f^ , where 7 = /xV-'. If C.p ^ Kh, then by combining 
(|!|) with $1% ' we get the following result. 



Proposition 5.3. If (p ^ Kh then 



b-i — 



(5.18) 



2ir b-1 , 



1=0 j=0 



where 

(5.19) o(/i,i,j) = 



/ 



(/,c/ij) {b,t(h,ij))' 



(5.20) t{h,i,j)^ — ^ ^ + — -. 

In order to evaluate ( ^.2| ), we need to be able to tell when E Kh, and when 
Cp £ . Let /p be the residue degree and Cp the ramification index of the extension 
F[C,p)/F. A necessary condition for Kh to contain (p is that /p | / and ep | cq. 
Therefore, in what follows, we will assume fp \ f and Cp | bq. Then E = F(Q, tte) 
contains all the fields in £{F, fp,ep), including F{C,p). Therefore i^(Cp) is the fixed 
field of a normal subgroup H of Ga,l{E / F) . Since the residue degree of E/F{(p) is 
f / fp, and the ramification index is e/cp, we easily see that H = {a'^^ ,0-^^'') for 
some I. The following lemma shows that we can assume 1 = 1. 

Lemma 5.4. There is an automorphism 5* of Gal{E / F) = {(t,t) such that 

(i) ^ maps the inertia group {cr) onto itself. 

(ii) acts trivially on the quotient Ga\.{E / F) / (cr) . 

(ill) -^{H) = {(t'^I' ,CTTf^). 

Proof. Since G&\{E/F)/H = Ga\{F{Cp)/F) is cyclic, it is generated by cr'^r for 
some a G Z. Define an automorphism of Gal(£'/i^) by setting 5'i(cr) = cr and 
^ii(r) = cr-'^r. Then *i(i?) = {cr"" ,cT'^Tf^) , where 

nip — 1 

(5.21) d = l-- a. 

9-1 

Furthermore, r = '^i{a°'T) generates the quotient Gs\{E/F)/'^i[H). This implies 
that [cp, d) = 1, so there is A: e Z such that dk = 1 (mod Cp). In addition, since the 
homomorphism (Z/cqZ)^ ^ (Z/epZ)^ is onto, we may choose k so that (cq, k) = 1. 
Define an automorphism ^'2 of Gal{E/F) by setting ^'2(0') = cr'^ and 5'2(t) = t. 
Then ^' = ^'20^!/-^ satisfies the given conditions. □ 



By Lemma ^ we have H = {{cr^Y^ ,cr'^ {ct^t)^^) for some s,i G Z such that 

eo(9-l) 



(s,eo) = 1. Let a = cr^ , f = cr^T, tte — C \ -t\'^e, and np = Co-i'^f- Then ttf is 
a uniformizer of F and TTp = vfi?. Furthermore, 



(5.22) aiiTE) = C^E, ^iCg) = Cg, ^(^i^) = ^(Cg) = 



16 



XIANG-DONG HOU AND KEVIN KEATING 



It follows that by replacing np, tte, cr, r with ttj?, t^e, ^, t we may assume that 
H — (cr'^p , (TT-''p ) . Under this assumption, for every x,y the element cr^r'' fixes 
if and only if cr^r^ G (c'^p, (tt^''). By (4.1) this is equivalent to fp\y and 

- 1 

(5.23) X = —J (mod e„). 

(jf/p — 1 

Since is the subfield of E fixed by (a^^T^), we see that G if and only if 

- 1 



(5.24) 



1 



(mod Bp). 



To determine whether ^p is in Kf^ we recall that by Remark 4.3, fi is the re- 
striction of cr'^o/b |-Q j^^^ g^jj^j jg ^Yie restriction of cr^hr'^h j^^ follows that 
7 = /xV-' is the restriction to Kh of 
(5.25) (cr'=«/'')*((T^''T='^)^' = crV^^ 

where 



(5.26) 



6 9'='' - 1 



Thus (^p G if and only if fp \ Chj and 



(5.27) 



b 



g^" - 1 



■Vh 



qCH3 _ 1 
g/p - 1 



(mod Cp). 



Using (^), (5.17), and (5.27) we get a formula for X^Lef (i^",, i p) ™ 
the case (p G -fC/j. 

Proposition 5.5. //^p G A'/i then 



(5.28) 



5] |Aut(L/F)| = 
Lef(Kh,i,p) 



6-1 



Ch 



0<j<f/ch i&Rh. 

fpWhj 



where R^j denotes the set of integers < i < b satisfying the congruence (5.2^/ ). 



By combining Propositions 5.3 and 5.5 with equation ( p.2| ), we get the main 
result of this section. 

Theorem 5.6. Let F be a finite extension of Qp, let f and e be positive integers 
such that p II e, and set cq — e/p. Then the number of F -isomorphism classes of 
extensions of F with residue class degree f and ramification index e is 



-, eo-1 

(5.29) 3(FJ,e) = -Y,\ 

■'^ h=0 



p^bf 



Ch 



6-1 



J2 (p^ +^Mj)P"''^-- 

i=0 j=0 



where 

(i) q — the cardinality of the residue field of F, 
(a) b = ieQ,qf - 1). 

(Hi) u G Z satisfies cqu = b (mod q^ — 1), 

(iv) Ch is the smallest positive integer such that b \ {q'^^ — l)h, 
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/ , ^ q^"^^f'''i-^^ - 1 uhchi 
(v) t{h,l,]) = — 1 + 



(vi) o{h,i,j) = 



f b 



if, Chj) ib,t{h,i,j))' 

p2 ^feiFiCp)/F) \ e, /(F(Cp)/^^) | /, /(F(Cp)/F) | c^j, 
(vii) ujhij — \ and h,i,j satisfy ( 5.2'^ , 

p otherwise. 

6. The Case || g 

For the remainder of the paper we consider the casep^ || e. Let /i = f{F/<Qp) and 
ei = e{F/Qp), and write e — p^eQ with p \ ep. We make the foUowing simplifying 
assumptions: 

(6.1) f(p^^^-l,eo) = l, 

^ ' \f{F{Cp)/F)U or e{F{Cp)/F)>l. 

Some consequences of these assumptions are given in the following proposition. 



Proposition 6.1. Assume the conditions in (6.1), and let K G £{F,f,e). Then: 
(i) There is a unique field Lk such that F C Lk C K and K/Lk is totally 

ramified of degree p^ . 

(a) There is a unique field Ek such that F C Ek C K and Ek/F is totally 

ramified of degree eo . 

(Hi) Ek is a suhfield of Lk- 

(iv) AvLt(KlF) acts trivially on Ek. 

(v) Cp i K. 



Proof, (i) - (iv) follow from Proposition 3.2. To prove (v), note that e(F(^p)/F) | {p - 
and [p - l,e) = 1. Thus if e{F{Cp)/F) > 1 then e(F(Cp)/F) f e. Since (p E K 
implies e(F(Cp)) | e and /(-F(Cp)) I /, we must have Cp ^ K. □ 

The approach we take here is somewhat different from that of Sections ^ and 
^ Even with the conditions in (6.1), the computations that we will face are quite 
lengthy. To control the overall length of the paper and maintain readability, we 
will describe the reasoning behind our computations but omit the details. All the 
computations in these sections have been checked using Mathematica. 

For each positive integer d, let 

(6.2) Bd = {Ke £{FJ,e) : d \ \Aut{K/F)\}. 
Using ( p_.3| ) and the fact that X]d|n 't'i'^) = n we get 

(6.3) 3(F,/,e) = ^V0(d)|6,|, 

fe ^-^ 

where 4> is the Euler function. For d > and i = 0,1, 2, put 

Q ^{K e Bd:3F C N C K such that K/N is Galois, 
e{K/N) = p\ and d\[K :N]}. 



(6.4) 



By Proposition |T|(iv) we have Bd ^ Cju (J C^. Therefore 
(6.5) \Bd\ = \Cj\ + \C'd\C'd\ + |C° \ (C^ UQ2)|. 
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More precisely, consists of the fields K £ Bd such that the ramification index 
of K over the fixed field of k\xi{K/F) is p^] C\\ Cj consists of the fields K e Bd 
such that the ramification index of K over the fixed field of Aut{K/F) is p; and 
C° \ (C^ U C^) consists of the fields K Q Bd such that the ramification index of K 
over the fixed field of Aut{K/F) is 1. 

We will determine \Cj\, |C] \Cj\, and \C^ \ (C^ U C^)| separately in Sections - 
^. In our computations, we will frequently encounter a tower of finite extensions 
Qp C T C L C K, where K/T is Galois, L/T is unramified of degree d, K/L 
is abelian of degree p\ and Cp ^ L. We need to give an explicit description of 
Gal(i^/T) in terms of G&\{K/L). 

Let L/T be an unramified extension of degree d and define 

(6.6) J?(r, L;p') ^ {K : L C K Cfl, K/L abelian of degree p\ K/T Galois}. 



For positive integers m and n, put 



(6.7) 



C(m) = 



1 




(6.9) 



D{m, n) — 
E{m, n) = 



C{m) 



1 




C{m) 



1 



D{m, n) 



We have an isomorphism of groups 



(6.10) 



L'^/iL^'Y 



I + ttlOl 
(I + ^lOl)^" 



(Z/p''Z) 



I+IIL 



Let (T be the Frobenius map of L/T. Then by Proposition 3.3(i), there is a (Z/p*Z)- 
basis S for L^ /{L^y = (Z/p*Z)^+"^ such that the matrix of cr with respect to S 
is i?(d, Tir)- 

Define TC{m, n;p^) to be the set of all E{m, ?i)-invariant subgroups of (Z/p*Z)^+™" 
of index p*. By class field theory, there is a bijection between the set of all a- 
invariant subgroups of L^/(L^)P of index and R{T, L;p^). This bijection induces 
a bijection between H{d,nT;p^) and M.{T,L;p^), which is denoted hy H t-^ Kh- 
Furthermore, G&\{Kh/L) = {'L/p"Lf+''^/H for each H e n{d,nT;p'). For each 
u G (Z/p*Z)^+"'^ //f let u}{u) be the element of Ga\{KH / L) which corresponds to 
u under this isomorphism. 

Let M/T be the maximal unramified subextension of Kh/T. Since cr is the 
Frobenius of L/T, it can be extended to the Frobenius cr' of M/T. Let 9 be 
an arbitrary extension of cr' to an element of Ga\{KH /T). Then Ga.\{KH /T) is 
generated by Ga^X^/L) = (Z/p'Z)i+"^ /H and 9, where 



(6.11) 



9u}{u)9^^ = (^{u") = uj{E{d,nT)u) 
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for all u e (Z/p'Z)i+"^/i/, and O'^ = a; (["]) for some a G Z/p'Z = {ttl)/{'^l) 
and a £ (Z/p'Z)"^ = (1 + ttlOl)/{1 + ttlOlT^ . It follows from the definition of 
6 that the restriction of 9"^ to M/L is the Frobenius. By class field theory this 
implies a = 1 (mod p*). 

To summarize, we have the following description of the structure of Gal{KH /T). 

Proposition 6.2. LetQp d T C L be finite extensions such that L/T is unramified 
of degree d and ^ L. Let H i-^ Kh be the bijection between T-l{d,nT;p^) and 
R{T, L]p^) induced by class field theory. Then for each H g Ti.{d, nT',p^) we have an 
isomorphism u) : (Z/p*Z)^+"^/_ff —^ Gal{KH / L) such that Gal^Ku /T) is generated 
by Gal^Kn/L) and an element 9 satisfying 

\eu:{u)e^^ =iv{E{d,nT)u) for all u G (Z/p''Z)i+"^/i/, 
where [^] G (Z/p^Zy^^^^ /H depends only on T and L. 



(6.12) 



Next, we list the elements H of H{d,nT;p^) for i = 1,2. For each such H 
we will give a more explicit description of the structure of Ga,l{KH /T) than that 
given in Proposition 6.2. These explicit descriptions will be essential in our later 
calculations. 



Corollary 6.3. Let Qp C T C L C fl be as in Proposition 6.i. Then the elements 
of Ti.{d,nT',p) are the groups of the form 

(6.13) H{X,a) = ^ {x G (Z/pZ)i+"^ : x^a = 0}, 

where ^ a G (Z/pZ)^^"''^ satisfies E{d, nxYa ~ Xa for some A G Z/pZ such that 
A'' = 1. Furthermore, Gal{Kfj(^\ g^'f/T) is generated by 

(6.14) GaliKHix,a)/L) = (/*) = Z/pZ 

and an element 9 such that 9'^ — k'^'"' and 9k9^ ~ k'^ , where c{a) = a G Z/pZ 
for some fixed a G (Z/pZ)"*^ . 



We omit the proof of Corollary 6.3 since it is a simpler version of the proof of 
the next corollary. 



Corollary 6.4. Let Qp G T d L d fl be as in Proposition 6.i, and let H be a 
subgroup of (Z/p'^Zy^"^ of index p^ . 

(i) Lf {Z/p^Zy+''^ /H = Z/p^Z, then H e Hid, nT;p^) if and only if H is of the 
form 

(6.15) H{X, a) = a^ ^{xe (Z/p2z)i+"^ : x^a = 0}, 

where X G Z/p'^Z satisfies X'^ = 1 and a e {Z/p'^Zy+''^ \ {pZ/p^ZY+'^^ satisfies 
E^djUrYa = Xa. Furthermore, Gal{KH{\,a)/T) is generated by 

(6.16) Gs.\{KHix,a)/L) - {n) = Z/p^Z 

and an element 9 such that 9'^ = kJ^^"-^ and 9k9^ — , where c{a) — ^ ^ Z/p^Z 
for some fixed a G (Z/p^Z)"^. 

(ii) If (Z/p2z)i+"^'/i? ^ (Z/pZ)2, then H D (pZ/p2z)i+"^ . In this case 
H G T-l{d,nT]p^) if and only if [H / {pZ/p^ZY^"^^)^ is the column space of some 
(1 + ul) X 2 matrix A over Z/pZ such that rank(yl) = 2 and E(d, utYA = AA for 
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some A e GL(2,p) satisfying A'' — l2- Equivalently, H e 'H{d,nT',P^) if and only 
of H is of the form 



(6.17) H{A, A)^{xe (Z/p2z)i+"^ ■.x*A = (mod p)}, 

where A and A are as above. Furthermore, Gal{KH(A.A) /T) is generated by 

(6.18) Gsi\{KH(A,A)/L) - {ni,K2) = [TLlvLf 



and an element 6 such that 9'^ = /t^^^'^'/tg^'''^'' , 0Ki6 ^ = k^^Kj^^; '"^'^ Ok20 ^ = 
K^^/t2'% where (ci(^), C2(A)) = e (Z/pZ)^ /or some /^a;ed a £ (Z/pZ)"^ 

and [Ay] = A. 

Proof. In both cases the necessary and sufficient conditions for H to be an element 
of Tl{d, ht'tP^) are straightforward from the definitions. It remains to show that for 
H G HidjUT'TP^), the structure of Gal(if^f/T) is as described. We wiU only give 
the argument for case (i), as case (ii) is quite similar. 

By Proposition U, Gal{KH/T) is generated by Gal{KH/L) = (Z/p2z)i+"^ /H 
and an element 6 satisfying the relations ( |6.12| ). We have H = H{X,a) = for 
some A G Z/p^Z and a e (Z/p^Z)"^ \ (pZ/p^Z)"^ such that Eid^nxYa = Aa and 
A"^ = 1. There is a canonical isomorphism 



(6.19) 



i,: (Z/p2Z)"-+Va^ ^ Hom2/p22((a),Z/p2Z), 
X + a^ I — > ( ■ J 2:) 



where ( • , ■ ) is the standard inner product on (Z/p^Z)"^. It follows that the conju- 
gation action of 9 on Gal{K h / L) induces an action of 9 on Homz/p2z((a), 'L/p^'L). 
Let <j) be the unique element of Hom( (a), Z/p^Z) such that (/)(a) = 1. ThenV'([^]) = 
([^]*a)(/) and ■ = A0 for all u e TLjp^TL. Therefore, by identifying Gal(ifH/L) 
with Hom2/p2x((a), Z/p'^Z) using ^ and identifying Homz/p22((a), Z/p^Z) with 
IjjpP'TL using the basis {</>}, we see that Gal(i4r/f/r) is generated by Ga^X^/-^) = 
(k) = TLjp^TL and an element satisfying the relations 9'^ = k'^^"' and 9k9^ = /t^ 
with c(a) = [^] a, as claimed. □ 



7. Determination of |C^| 

The goal of this section is to determine |C^|. We retain the notation of Section ^ 
In addition, we set n = np = fiei. Observe that |C^| = if d\ p'^f. Also note that 
— C% where d' — 1cm (p^, d). Thus we assume that d\ p^f and p^ | d. 
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Let X be the set of all (T, L, K) in the diagram 



K 

(ram) | 

L 

(un) 4- 
I p- 

T 

/(T/F) = 4^ 
e(T/F)=eo 

F 

such that K/T is Galois. Using Proposition |6.1| (i) - (iv), we see that (T, L, i^) ^ K 
gives a bijection between X and C^. Hence |C^| = Meanwhile, jA"! can be 

computed by counting the elements (T, i, if) G A" in the order T, L, if. 

Fix T G f (F, 4^,eo), let L/T be unramified of degree d/p^ and let M/L be 
unramified of degree p. Then we have 

(7.1) \{K : (T,i,A-) G X}\ = |J?(T,i;p2)| _ \Si(T,M-p)\. 

Using Corollary |6.3| , we find that 

m -, 1 — \P 

p a 



\ii{T,M;p)\ = 



(7.2) 



{p-l,d) 



p-1 



Lemma 7.1. We have 



(7.3) \SiiT,L;p^)\ = { 



+ (p - 1, d)^ ^- 

P - 1 

2 — 1 



1 (pjp eo/n „ 



+ 2(p-l,rf) 



pdP '^°l"-{pdP eo/n _ 2) 



p-1 

1 „ pi^p^eofn _ I 



p2-l 



Proof. First, we have 
(7.4) |J?(T,i;p2)| 



.1,, p^eo/n 2 
Wl — , — ; — ;p 



|Hl| + |7^2 



i/p'^ I d. 
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where Hi and H2 are the subsets of Ti.[^, ^P^eo/n;p^) corresponding to the two 
cases of Corollary |6^. Put E = E{4^, \p^eafn). Then 

(7.5) Hi ={H{X, a) : a e {Z/p^Zy+^"f" \ (pZ/p2z)i+'=«^", 

A e Z/p^Z, E^a ^ \a, X^/^^ = 1}, 

(7.6) n2 HH{K,A) : A e M(i+,„/„)x2( W), rank(A) = 2, 

A e GL(2,p), £;*A = AA, A'^/P' = /j}. 

Let A G Z/p^Z satisfy A'^/?'' = 1. Then 

(7.7) |{i/(A,a)GHi}| = ^ 
where 

(7.8) Ax^{ae (Z//Z)i+'^''-^" \ (pZ//Z)i+'="-^" : £;*a = Aa}. 
Hence 

(7.9) l{ff(A,a)eHi}| = ^ 5] 

AGZ/pZ ^ ^ AeZ/pZ 

The cardinality of can be easily determined: 

{p2(l+ip^eo/n) _ pl+ip'eo/n if A = 1, 
pl+ip=eo/n _ pl+^P^eofn if A = 1 (mod p) but A ^ 1, 

pip"eo/n _ p^eofn if A ^ 1 (mod p) . 

Combining (|7j) and ( |710| ), we find that 

d \ plP^eofn-l^py^eofn _ -j^) 



|Wl|=(p-l,d) p,- 

(7.11) ^ 

+ ^^P^P''"'f"-\pip''"'f'' - 1) + p32p'«o/«^ 

To compute |?^2|, we first observe that for H{A,A) G 7^2 and Q G GL(2,p), we 
have 

(7.12) H{A, A) - H{Q-^AQ, AQ). 

Also note that for A G GL(2,p) with A'*/p' = /, we have -ff(A, ^i) = i?(A, A2) if 
and only if Ai — A2Q for some Q in the centralizer cent(A) of A in GL(2,p). Thus 
for each A G GL{2,p), 

(7^3, |{ff(AM).«.)|.J^. 

where 

(7.14) AA = {Ae M(i+e„/„)x2(Z/pZ) : rank(A) = 2, = AA}. 

By ( ffl^ ) and ( [tI^ ), we have 



(7.15) 1^21= E 



I-4a| 



A |cent(A)r 
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where A runs over the set of canonical forms in M2x2(Z/pZ) with K'^/p^ — I. We 
can compute |cent(A)| using the formula in and |^a| using the well-known 
formula for the dimension of the solution set of E*A = AK ([^, Theorem 4.4.14). 
We omit the details of these computations and record the result for 17^21 below. 



r 1 



(7.16) 



\H2 



2 {pUP eo/n 



1) = 



+ (p - 1, d)p-^+^P '=o/n(p^P eo/n _ 



iP 



l)p 



-1+ip eo/n 



+ 7;iP -^^d) 

2 p-^ — I 



1 ^,2 (P^^ -°/"^l)^ 

pjp'^eofn^p^p^eofn _ 



p-1 
p32p en/n _ ]^ 



1 



Finally, Q follows from (fzlll) , and ( [7l6|) . 

We now state the main result of this section. 
Proposition 7.2. Let d! = lcm(p^,d). Then we have 



if p3 I d 



if p3 I d. 



□ 



1 (pj^P^^o/" - 1)2 

^"[2^^-^'^) (p-1)^ 

+ ip~l,d)^^ 

P - 1 

+ pWP''''ofn(^pWP''>^ofn _ 



— 1 



1) 



eo 



1)^ 



(p-l)2 



+ (P-I,d) . 

P - 1 

+ 2p-STP^^of'''{p-¥P''^of^ - 1) 
1 rj^^P^^O-^" — 1 



1 



'if d I p^f and p^ | d. 



Proof. By the comments at the beginning of the section, it suffices to prove the 
proposition under the assumptions d\ p^f and p'^ \ d. Using (7J_) we get 

(7.17) 1^21 = 1^-1= J2 (l-*?(r,L;p2)|-|J^(T,Af;p)|). 

TGf(i=^,ip2/,eo) 
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The proposition now follows from (7^), (7^), and the fact that \£ (^F, ^P^fi ^o) | — 
eo- □ 



8. Determination of |C;^\C^| 

In this section we compute the cardinality of C^\C^. Recall that consists 
of the fields K G £{F,f,e) such that d | \Aut{K/F)\ and the ramification index 
of K over the fixed field Nk of Aut{K/F) is p. Thus \ = if d f pf. 
Furthermore, setting d' = lcm(p, d), we have \ = C^, \ C^,. Therefore we may 
assume that d \ pf and p \ d. 

Let X be the set of all {M, E, K) in the diagram 



K 

(ram) | p 

E 

(un) I f 
M 

f(M/F) = El 



e{M/F)=peo 



F 



such that K/M is Galois. The cardinality of X can be calculated by counting the 
elements (M, E,K) & X in the order of M, E, K; when M and E are fixed, the 
number of K is ^P^eo/n;p)| — 1, which is computed in ([z^). It turns out 

that 



.1) \X\ = peo{p^+-^P'"^" -P+I) {p-l,d) 



P-l 



On the other hand, X = XiU X2, where 



(8.2) 
(8.3) 



X, = {{M,E,K)eX -.K eC}\Cj}, 
X2 = {(Af, E,K) e X : K eCln Cj}. 



Lemma 8.1. For each K ^ C^\C^, there are unique suhfields M CZ E CZ K such 
that (Af, E, K) e X. 

Proof. The existence of such an (Af, E) follows from the definition of C\ . To see the 
uniqueness of {M,E), we assume that there are (Afi,ii;i) and {M2,E2) such that 
{Mi,Ei,K) e X and {M2,E2,K) G X. Then K/Ei n E2 is totally ramified, and 
also Galois since both K/Ei and K/E2 are Galois. Therefore by Proposition 6.1, 
[K : Elf] E2] \p^. U El ^ E2, we must have [K : Ei D E2] = p^. However, this 
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would imply that K £ C^, contrary to assumption. Thus Ei — £2- In the diagram 

K 



p I (ram) 

El 



Ml 



M2 



Ml n M2 

the extension K/Mi n M2 is Galois since both K/Mi and K/M2 are Galois. If 
e{K/Mi n M2) > p then e{K/Mi n Af2) = P^, which implies K e C^, contrary to 
assumption. Thus Ei/Mi n AI2 is unramificd, and hence Mi = M2. □ 



Lemma 8.1 implies that (M, K) K gives a bijection between Xi and C^\C^. 
Hence 



(8.4) 



\cl\cl 



\x\ - \x. 



21- 



In order to calculate IA2I, we let y be the set of all (T, L, Af, i?, K) in the diagram 



K 



E 



L 



-\ 

M 



T 



f{T/F) = El 
e(T/F)=eo 

F 

such that T ^ LnM and K/T is Galois. Put 

(8.5) Zi = {(T, Af , E,K)ey : E/L is unramified}, 

(8.6) Z2 = {(T, L, A//, E,K)ey : E/L is ramified but K/E is unramified}. 



Lemma 8.2. The map 



(8.7) 

is a bijection. 



y\{ZiuZ2) 

(T, L, M, E, K) 



X2 

{M, E, K) 



Proof. For each {T,L,M,E,K) e y \ (Zi U Z2), the extension K/L is totally 
ramified of degree p^. By Proposition |6.l| (i), L is uniquely determined by K . Con- 
sequently, T = L n Af is determined by K and Af, so ?/ is one-to-one. 
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On the other hand, for each {M, E, K) £ we have a diagram 

K 

p (ram) 



E 



Jun) 



M 

with K/M Galois. Let L/F be the unique subextension oiK/F such that K/L is 
totaUy ramified of degree . Since iiT S C^, the extension K/L is Galois. Clearly, 
L d E, and in the diagram 

K 

p I (ram) 

E 



(rain)^ 

L 

(u„)\ 



M 

(ram) 



LnM 

the extension if/i n M is Galois. Hence (L n M, L, M, E,K) ey\ (Zi U Z2). This 
proves that rj is onto. □ 



It follows from Lemma |8.2| that 
(8.8) 1^-21 = 13^1-1211-1221. 

The cardinality of Zi can be calculated by counting the elements (T, L, M, E, K) in 
the order T, E, K, L, M. Fix T and E. Then the number oi K is \H (d, ^peg/n; p) \ , 
and the number of {L, M) is if (p, d/p) 7^ 1, and 1 if (p, d/p) = 1. It follows that 



(8.9) 



p-l 



pipeofn 



ifp2|rf, 

if p2 I d. 



Lemma 8.3. We have 



eo 



+ ip-l,d) 



.10) 13^1 = { 



p(pi.eo/„_i)2 ^^^^^^ 



eo (p-l,d)' ^^^Yp 

+ 2(p - 1, d)^ ^- ^ 

p2 - 1 



> ifp'^\d, 



ifp^ I d. 
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Proof. First fix T G £ (^F, ^p/, eg) and let L/T be unramified of degree d/p. Put 
^ ^^{p^ ^peo/n;p^) , and let H i-^ Kh be the bijection between Ti. and ^{T, L;p^) 
induced by class field theory. For each H G Ti, the number of (M, E) such that 
{T,L,M,E,Kh) ey is equal to where 

(8.11) J{H) = {J < Gal(ifff/T) : | J| = d, Gal(ifH/T) = Gal(ifH/L) • J}. 

Alternatively, |i7(7?)| is the number of subextensions M/T of Kh/T such that 
[A/ : T] = p and L n M = T. For any such M, the compositum E = LM is the 
only field such that (T, L, M, X^) e y. Therefore 

(8.12) \{iM,E,K) : {T,L,M,E,K) Gy}\=Y, I^Wl- 

For each H G H, the structure of Ga\{KH /T) a nd the position of Gal( Jf/f/L) 
in Ga^X/f/r) are explicitly described in Corollary 6.4. In fact, in the notation of 
Corollary K^i), 



(8.13) J{H{X,a)) = {{KP,K'=e) : ceZ/p^Z, (/t=0)''/P e (k^)}, 

and k'^^) = (kP, k'^ 6) if and only if c' — c G pZ/p^Z. Therefore 

\J{H{\a))\ = -\{ceZ/p^Z : (k^0)'*/p G {kP)}\ 
V 

= -\{ceZ/p^Z: {l + X + --- + xi-^)c + [l]*aepZ/p^Z}\ 
'p if A /I, 



.14) 



= < 



1 ifA = l, 

t 
t 



p if A = 1, p2 I and [I] a G pZ/p^Z, 
if A 1, p2 I and [I] *a ^ pZ/p^z. 



Suppose instead we are in the situation of Corollary |6.4| (ii). Then H = H{A,A) 
for some A and A satisfying the conditions of the corollary. For each J G J{H{K, A)) 
the group B = J D {ki, K2} is a normal subgroup of J of order p, and k!^^ k!^0 G J 
for some (ci,C2) G (Z/pZ)^. It follows that B is invariant under conjugation by 9, 
so B — {k-^K2) with [jj^] an eigenvector of A*. Therefore J = {k-^ K2 , f^]^ f^^O) ^ 

with {^l^Kl^ef/P G B. Moreover, k\\ n^^ 9) = 4^ /«f /«2^ 6>} if and 

only if k;^^ '^^'«2^ G -B. Hence 

\J{H{K,A))\ — - \{{W, (ci,C2)) : is a 1-dimensional eigenspace of A* 
and {Kl^^l^df/P G (/«5'k2')}| 

(8.15) 1 

= - < (VF, (ci, C2)) : is a 1-dimensional eigenspace of A 



and (ci, C2)(/2 + A + • • • + A^-^) + [I] 'a G w] 



Thus \ J{H{K^ A))\ can be determined from the canonical form of A. This allows us 
to compute YliHen omit the details. Since J2HeH \ independent 
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of the choice of (T, L), by (| .13) we have 



(8.16) 



13^1 



and the formula (B.IO) for follows 



□ 



Lemma 8.4. We have 
(8.17) \Z2\=eoip-l,d) 



^ p(piP^o/" - 1) 

p-1 



Proof. Fix T G 5 [F, ^Pf^ ^o) , let L/T be unramified of degree d/p, and let L' /L be 
unramified of degree p. Let H Kh be the bijection between H = H{d, ^peo/n;p) 
and .ft(T, L';p) induced by class field theory. For each H ^ H, put 



(8.18) 



J{H) = {{B, J):B<J< Ga\{KH/T), \B\ = p, \J\ = d, 
and Gal{KHlT) = GuliKn/L') ■ J}. 



When Kh/L' is ramified, the number of {M,E) such that {T,L,M,E,Kh) e Z2 
is equal to \J'{H)\. In the following diagram we have T = L' D M, and hence 
Gal{KH/T) = Ga\[KH/L') ■ G'a\{Kh/M). 

Kh 

(ram^/ p (un) 



L' E 

I (ram)/ 
(un) p A 



(un)^ 



^un) 

P 

M 

/ (ram) 



T 



Therefore 

(8.19) \{[M,E,K):{T,L,M,E,K)^Z2\\ ^ E 1^(^)1- 

Hen 

Kh/L' ramified 

Corol lary |6^ allows us to compute \J{H)\ for each H ^ TC, and hence to compute 
(g.l£). Omitting the details, we get 



.20) 



J2 \jm^ip~hd) 



Hen 

Kh/L' ramified 



p-i 



Using ( p. 19 ) we see that [Z2I is equal to (B.2C) multiplied by the number of pairs 
(T, L), which is \S (F, \pf, eo) I = eo. □ 



By (|8J) and (|8j) we have 

•21) \cl\cl\ = \x\~\y\ + \z^\ + \Z2 



where \Xl \yl |Zi|, and IZ2I are given in (|0|), ( |8lc| ), (^, and (|1^). Hence we 
have a formula for \ Cj|- 
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ifd\pf, 



eo 



-{p-l,df 



jrpeofn 



-If 



P — 1 \ 



> ifd\pf, 



+ ^(^1+3-?"=°/" -p+ '^"Z" - 1) 



eo 



-ip-hd)' 



jrpeofn _ -^^2 



{p-ir 

+ {p^+WPeofn _p^i^^pjrP^eofn _ -^jj 

+ p{p^ + i^P''"f'' -p+ - 1) 

- p'^+lFP'-af-'^(^p7rpeofn _ -^-j 

(pirPeofn _ l^(^pirpeofn _ ^-j 



+ 



> ifd\pf, p2 I d. 



9. Determination of |C5\(C^uC^)| 

Recall that \ (Cj U Cj) consists of those fields K e £{F,f,e) such that 
d I I Aut(i4r/F) I and the ramification index of K over the fixed field Nk of PMi{K/ F) 
is 1. Thus \Cl \ (C^ U Cj)| = if d t /, so we will assume that d \ f. 

Let X be the set of all (M, ii') in the diagram 

CI 



K 

(un) d 



M 



e(M/F)=p=eo 



Then 



(9.1) 



\X\ 
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On the other hand, A" = ^"1 U ^"2 U A3 , where 



(9.2) 
(9.3) 
(9.4) 



X, = {(M, if ) e A- : If e CS \ (C] U C^)}, 

X2 = {(M, if) e A- : if e CS n (Ci \ Cj)}, 
A'3 = {(Ai,if) G A-iif ec^nc^}. 



For each if G \ (C^ U Cj), we claim that there is a unique M such that 
(M, if) G X . The existence of M foUows from the definition of Q. To see the 
uniqueness of M, assume to the contrary that we have two different subextensions 
Mi/F and M2/F of K/F such that K/Mi and if/M2 are both unramified of 
degree d. Then K/Mi n Af2 is Galois and not unramified. By Proposition 6.1(iv), 



we must have e{K/Mi n M2) — p or p^. This means that if G U C^, which is a 
contradiction. It follows that 



(9.5) 



|C°\(CiuC^)| = 1^11 = 1^-1-1^21-1^31. 



We now determine jAsj. Let y be the set of all (T, L, M, if) in the diagram 

K 

/ (un)\ 



M 



\(un) / 
d\ /P 



T 



e{T/F)=eo 



F 



such that T = LnM and if/T is Galois. Write 3^ = U 3^2, where 



(9.6) 
(9.7) 



= {(T, L, M, K)ey: eiK/L) = p^}, 
y2 = {(r,L,M,if) G y -. e{K/L) = 1 or p}. 



Then (T, L, M, if) (Ai, if) is a bijection between J^i and A3 (cf. Proposition 6.1 ) 
Therefore 



(9.8) 



1^-31 = 13^11 = 13^1 -13^21. 
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Lemma 9.1. We have 
eo 



(9.9) 



2^-1'^) 



+ {p-l,d) 



(p-l)2 
^ ^^ p(pi^o/" - 1) 

p-1 



+ o(p -l,'^) — ; 



> ifp\d, 



\y\ = { 



1. , ,,2P'(P^'°^" - 1)' 



+ (p-l,d) 



(p-l)2 

l,d)^ ^- ^ 

P - 1 



1 



i/p I d. 



Proof. The proof is similar to that of Lemma B.2. Once again, we only describe 
the method and omit the computational details. Fix T £ £{F, 2, eg) and let L/T 
be the unramified extension of degree d. Let H ^ Kh be the bijection between 
H = H{d, ^eo/n;p^) and A{T, L;p'^) induced by class field theory. For each H E H 
we have 



(9.10) 

where 



\{M ■.iT,L,M,KH)Ey}\ = \JiH)\ 



(9.11) J{H) ^{J < Gal{KH/T) : \ J\ ^ d, Gal(ifff/T) = Gal{KH/L) ■ J}. 
Using ( ^.1C| ), we see that 

(9.12) \{{M,K) : {T,L,M,K) ey}\=Y. \ J{H)\. 



HeH 



The sum J^nen '^^^ computed using Corollary 6.4, and the result is 

independent of the choice of {T,L) (cf. the proof of Lemma i.3). Therefore we get 

\y\ = \£{F,l,eo)\-EHeH\Jm- 



□ 



Lemma 9.2. We have 

(9.13) \y2\ = 



(p-l,d) 



ifp\d, 
ifp I d. 



Proof. By ( |9.7D we have |3^2| = if p | d. Thus we may assume p ] d. Fix 
T e £{F, |,eo), let L/T be unramified of degree d, and let L' / L be unramified 
of degree p. Let H Kh be the bijection between H = H {dp, ^eo/n;p) and 
K{T,L';p) induced by class field theory. Then for each H E H we have 



(9.14) 
where 
(9.15) 



\{M : iT,L,M,KH) e ^^2}! = \J{H)\, 
J{H) = {J< G&\{Kh/T) : \ J\ = d}. 
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It follows that 

(9.16) \{iM,K) : {T,L,M,K) e D^a}! = 



HeH 



which can be computed using Corollary |6.3| . The lemma then follows from ( |9.16 ) 



and the formula jj^al = ^,eo)| ■Y.Henl'^Wl- ° 



Since jAaj is determined by and |3^2|, the only part of ( |9.5| ) that remains to 
be computed is \X2\. Let Z be the set of all (T, L, M, K) in the diagram 



K 

(un)\ 

M 

\(un) / 
d\ /P 

T 

f(T/F) = { 
e(T/F)=peo 

F 

such that T — L n M and K/T is Galois. In addition, define 

(9.17) Zi = {(T, i, M, if) G Z : e{K/L) ^ p}, 

(9.18) Z2 = {{T,L,M,K) e Zi : K/Lk is Galois}, 

where is the unique field between F and K such that K/ Lk is totally ramified 
of degree . We claim that 

f9 19) ^ 

^ ' {T,L,M,K) I — > (Af,if) 

is a bijection. By the definitions of X2, Zi, and Z2, it is clear that tp is onto. 
Suppose that ip is not one-to-one. Then there are elements {Ti, Li, M, K) and 
{T2,L2,M,K) of Zi \ Z2 such that (Ti,Li) ^ (T2,L2)- Since Ti = Li n M and 
T2 — ^2 nM, we must have Li ^ ^2- Since K/Li and K/L2 are Galois and totally 
ramified of degree p, we see that K/Lir\L2 is Galois with e(i4r/LinL2) > P- Thus 



by Proposition |6j(iv) we get e{K/LinL2) = p^. This imphes that (Ti, Li, Af, K) £ 



Z2, which is a contradiction. It follows that 
(9.20) 1^-2! - |Zi| - IZ2I. 

Lemma 9.3. We have 



(9.21) \Zi\=eoip-l,dy- 



p-1 



Proof. Observe that 

(9.22) |Zi| = |Z| - \{{T,L,M,K) G Z : K/L unramified}|, 
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and that 



\{{T,L,M,K) e Z : K/L unram.}| 



(9.23) 



if p \ d; 



[0 

\peo{p^+i^'>f''' -p+l) if p\d, 
10 if p\d. 



Meanwhile \Z\ can be computed as before: Fix T e £{F, ^,peo) and let L/T be 
unramified of degree d. Let H i-^ Kh be the bijection between Ti. ~ Ti. (^d, ^peo/n;p) 
and ^{T, L;p) induced by class field theory. Then for each H E H we have 

(9.24) \{M : {T,L,M,Kh) G Z}\ = \J{H)\, 
where 

(9.25) J{H) = {J < Gal{KH/T) : \ J\ = d, Gal(ifif/T) = Gal(ifif/L) • J}. 
Consequently, 

(9.26) \{{M,K) : {T,L,M,K) e Z}| = ^ \ J{H)\ 



(9.27) 

Using ( 0.26| ) and Corollary O we get 



\Z\^ 



Hen 



(9.28) \Z\ 



eopip^+i^^f"" -p+l)\{p~l,d) 
eoiP" l,d) 



p-1 



p-1 



Equation (|^) now follows from (|9.22|), (|9.23D, and (|9.28D. 



if p 1 
if p I d. 



□ 



Lemma 9.4. FKe have 



(9.29) 



1 ^,2 P'(P+1)(P^'^°^"-1 )'1 

2(^-1'^^) ^31)2 

- ip-l,d) 

+ 2^^ ^^1 



> ifp\d, 



\Zo\ = < 



eo 



1 _ ^,2 P^(P+1)(P^'^°^"- 1)^1 
2^^ ' ^ (p-l)2 

+ (p-l,d)^ 



1 



p-1 

^ pHp-^^^-f- - 1) 
p- 1 



> i/p I d. 
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Proof. For each (T, L, M, K) e Z2, we have a diagram 

K 

p / 

/ (ram) (un)\ 

L M 

/frarn) \ /fram) 

L' T 

(un) \ / (ram) 

/(S/F) = I 
e(S/f)=eo 

F 

in which if/S is Galois, and S and L' are determined by {T, L, M, K). Thus if 
we let W denote the set of all {S, L', T, L, M, K) in this diagram such that K/S is 
Galois, we have IZ2I = |>V|. To compute |W|, we fix 5 e £{F, ^,eo) and let L'/S 
be unramified of degree d and N/L' unramified of degree p. Write K — A{S, L';p^) 
and K' = {K e ii: N C K} = K{S, N; p). For each if G J?, let 

g{K) = {{B, J):B< G&\{K/L'), \B\ ^ p, J < G&l{K/S), 
^^■^^^ I J| = d, Ga\{K/S) = Gal(/f/i') • J}. 

Note that if {S, L' ,T, L, M, K) e W, then K e Also note that for each 

if G \ j^' we have 

(9.31) \{{T,L,M) : {S, L\T, L, M, K) e W}\ - \g{K)\. 

More pr ecise ly, (T, L, M) ^ (Gal(if/L), Gal(if/Ai)) is a bijection between the two 
sets in ( ^^STI ). Therefore 



(9.32) |{(r,L, Af,if) : {S, L' ,T, L, M, K) G W}| = ^ |g(if)| - ^ |e(AO| 



To compute X^i^ej? l^t iJ 1-^ if/f be the bijection between H = Ti. [d, ^cg/n; 

and R induced by class field theory, and let Hi and H2 be the subsets of H cor- 
responding to the two cases of Corollary 6.4. We have Gal(if^f/L') = TLjp^TL if 



ii G Hi and Gs1{KhIL') = (Z/pZ)^ if i? g H2. Therefore 
where 

(9.34) J{H) = {J < Gal(ifi//S') : | J| = d, GaKifH/S") = Gal(ifif/L') • J}. 
Thus 

(9.35) ^ \g{K)\= J2 \g{Kh)\= e + E i^wi 

JsTGJ? Hew ffeWi HeH2 

can be computed as before. 
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We now compute J^kgM' \S{K)\. We claim that if p | d, then = for all 

K G M.' . Suppose to the contrary that there exists {B, J) e G{K) for some K G M.' . 
Let M denote the subfield of K fixed by J. Then we have the diagram 



K 



L' 



N 



/-(un) 



M 




with p I f{M/S). Thus L' n M ^ S, so Gal{K/S) ^ G'a\{K/L') ■ J, contrary to 
the definition of Q{K). Therefore we may assume p \ d. Let H Kh be the 
bijection between H' = H [dp, ^eo/n;p) and A' induced by class field theory. By 
Corollary |6.3| , every H ^ H' is of the form H{X, a) = for some eigenvector a 
of E [dp, fnj with eigenvalue A. Furthermore, Gal(K[j(^x.a)/ S) is generated 
by Gal{KH(x.a)/N) = {k) ^ Z/pZ and an element such that O^'p = and 
dnd'^ = K^, where c(a) = [^] a G Z/pZ for some fixed a G (Z/pZ)P"=o-''". More- 



over, Gal{KH(\^a)/ L') is generated by k and (cf. the proofs of Proposition 6.2 and 
Corollary |6.4D. These explicit descriptions allow us to compute each |5(if//(A,a))|j 
and hence to compute J2h£H' 15(^^)1 = J2k£R' \S{K)\. 

Now \{{T,L,M,K) : {S,L' ,T,L,M,K) G >V}| can be computed usi ng (^32| ). 
After multiplying the result by \£{F, ^,eo)| — eo, we get the formula ( |j.2g| ) for 

|W| = |Z2|. □ 



From (^), (|9j), and ( |9.2q ), we have 



(9.36) 



|Q"\(ciuci)| = |A-|-|Zi| + |Z2|-|3;| + 13^21, 



where l^-], 13^1, |3;2|, \Zi\, and jZaj are given in (|9T|), (|9J), ( |9.13| ), ( |9.2l| ), and 
( p9| ). Thus we obtain the main result of this section. 
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Proposition 9.5. We have 



\c'Aiclucj)\ 



eoP 



1, , ,,2 P(P^^°^" - 1)^ 



2 p'^ — 1 

p — 1 V 

+ (pl+3«0/« _ p + l)(pHP<=»/" - 1)) 
+ p2+i(p+l)eo/n _^2+ipeo/n 



(p-l)2 

2 p-^ ~ I 



{p-l,d) 



>ifd\f, p\d. 



+ p2+i(p+l)eo/n _p 



p-1 



10. Conclusion of the Case || g 

With |C;^|, \C^|, and \ (C] UC^)| computed in Sections - 1, we are ready 
to state our main result in the case p^ \\ e. 



Theorem 10.1. Let F/Qp be a finite extension of degree n with residue degree fi 
and ramification index ei. Let f, e, and cq be positive integers such that e — p^eo, 
p \ eo, [pf^f - l,eo) = 1, and either f{F{Cp)/F) \ f or e(F(Cp)/F) > 1. Write 
f — p^t with p\t. Then the number oj F -isomorphism classes of finite extensions 
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K/F with residue degree f and ramification index e is given by 



1 / ip'eon _ 1 ^2 



(p-1,t) 



p-p' eon ^p-p' eon _ j^-j ^ 



1) 



J) - 1 ■ 2 ' ' p-1 
+ / P ; 

+ (p^ - l)(pl+-F(P+l)p'"''=0" -pTP'^'^on^j 

+ i(p - 1, r)2(plf'^^'«o« _ 1)2 ^ 1(^2 _ 1^ ^)(p±2p-eon _ 



Proof. By (6.3) and (3.5) we have 

(10.1) 3(F, /, e) = ^ <^(d)(rio(d) + + n^id)) , 



d>0 



where no{d) = jC^ \ (C^ U C^)], ni(d) = jC^ \ C^], and n^id) = jC^]. Since 
n2{d) = 712 (lcni(p^, d)) and 7i2(rf) = when d]p^f, it follows that 



d>0 



(10.2) 



^(/.(d)7i2(d)= ^id)n2{d) 

d\p^+H 

= X! ( '?^(1)"2(t) + (l){p)n2{pT) 

2+i 

+ (j){p^)n2{p^T) + ^ (j){p')n2(p'T) 



j=3 
2+i 



Hr) ( p'n2(pV) + (p - 1)J2p' 'Mp'r) 

j=3 



By the same reasoning we have 

(10.3) Y <t>i.d)n^{d) = '^(^) ("o(^) + " 1) Ep'"'""^^''^) 

(10.4) ^ mMd) = Y + (p - 1) 5]p^-'?^i(pv)) . 



i=2 



38 



XIANG-DONG HOU AND KEVIN KEATING 



It follows that 



(10.5) 



[p - l)^p'~^{m{p>T)+pni{p>+^T) +/n2(y+V)) 



Using Propositions 7.2, B.5, and 9.5 to write out no(p^T)+pni(p'+^r)+p^ri2(?>'^^T) 



explicitly for < j < i, we obtain the final formula for '3{F, /, e). □ 
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